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LONGTIME EXISTENCE OF KA¨HLER RICCI FLOW AND
HOLOMORPHIC SECTIONAL CURVATURE
SHAOCHUANG HUANG, MAN-CHUN LEE, LUEN-FAI TAM1, AND FREID TONG
Abstract. In this work, we obtain a existence criteria for the longtime
Ka¨hler-Ricci flow solution. Using the existence result, we generalize a result
by Wu-Yau on the existence of Ka¨hler Einstein metric to the case with
possibly unbounded curvature. Moreover, the Ka¨hler Einstein metric with
negative scalar curvture must be unique up to scaling.
1. introduction
In this work we will discuss the existence of Ka¨hler-Einstein metric on a com-
plete noncompact Ka¨hler manifold in terms of upper bound of holomorphic
sectional curvature. In [31], Wu and Yau proved that if a compact complex
manifold supports a Ka¨hler metric with negative holomorphic sectional curva-
ture, then it also supports a Ka¨hler-Einstein metric with negative scalar cur-
vature, under an additional assumption that the manifold is projective. Later
Tosatti and Yang [29] were able to remove the assumption of projectivity. Us-
ing Ka¨hler-Ricci flow, Normura [15] recovers the result by proving that under
the assumption that the holomorphic sectional curvature is bounded above by
a negative constant, the metric can be deformed under the normalized Ka¨hler-
Ricci flow to a Ka¨hler-Einstein metric with negative scalar curvature. In case
that the holomorphic sectional curvature is quasi-negative, namely it is non-
positive and is negative somewhere, Diverio-Trapani [5] and Wu-Yau [32] then
the canonical bundle is ample.
For the noncompact case, it was proved by Wu and Yau [30] if a noncom-
pact complex manifold supports a Ka¨hler metric with holomorphic sectional
curvature bounded between two negative constants, then it also supports a
Ka¨hler-Einstein metric with negative scalar curvature. It is well-known that if
the holomorphic sectional curvature is bounded then the curvature is bounded.
Hence one may consider using Ka¨hler-Ricci flow to obtain the same result. This
has been done successfully by the fourth author of this work.
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In this paper, we first will give a rather general condition for a normal-
ized Ka¨hler-Ricci flow to converge to a Ka¨hler-Einstein metric. We prove the
following:
Theorem 1.1. Suppose there is a complete noncompact Hermitian metric h
on a complex manifold Mn compatible with the complex structure J such that
Hh +
2n
n + 1
|∇̂∂¯T̂ |h ≤ −k(1.1)
for some k > 0. Then any longtime solution of normalized Ka¨hler-Ricci
flow g(t) will converge uniformly in C∞ to a Ka¨hler Einstein metric g∞ =
−Ric(g∞). In particular, there is no Ricci flat Ka¨hler metric on M compatible
with the same complex structure J .
Here ∇̂ is the derivative with respect to the Chern connection of h. See [28]
for more details on the Chern connection, its torsion and curvature. Note that
the Ka¨hler-Einstein metric is unique, see [30, p.30] for example.
By the theorem, the question is to obtain longtime solution to the Ka¨hler-
Ricci flow. We have:
Theorem 1.2. Let (Mn, g0) be a complete Ka¨hler manifold and h is a fixed
complete Hermitian metric on M such that the following holds.
(i) There exists smooth exhaustion ρ ≥ 1 such that
lim sup
ρ→∞
( |∂ρ|h
ρ
+
|√−1∂∂¯ρ|h
ρ
)
= 0;
(ii) and the holomorphic sectional curvature of h and torsion of h satisfy
Hh +
2n
n + 1
|∇̂∂¯T̂ |h ≤ −k
with k ≥ 0
(iii) ∃α > 1 such that on M , α−1g0 ≤ h ≤ αg0, |T̂ |h ≤ α;
(iv) lim supρ→∞ ρ
−1|∇̂g0|h = 0;
Then there is β(n, α) > 0 such that the Ka¨hler Ricci flow has a complete
solution g(t) on M × [0,+∞) with g(0) = g0 and satisfies
βh ≤ g(t)
on M × [0,+∞).
It is known that if M has bounded curvature, then it will support an ex-
haustion function ρ with bounded gradient and Hessian [23, 26]. Hence h
is uniformly equivalent to a complete manifold with bounded curvature then
condition (i) in the theorem is also satisfied. See also a recent result in [10].
Hence condition (i) is more general than the condition that the curvature is
bounded.
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Combining Theorems 1.1 and 1.2, we conclude that if (Mn, g0) is a complete
Ka¨hler metric, then the normalized Ka¨hler-Ricci flow will converge to the
Ka¨hler-Einstein metric with negative scalar curvature in the following cases:
(a) The holomorphic sectional curvature is bounded above by −k for some
k > 0 and g0 support an exhaustion function with bounded gradient
and bounded complex Hessian.
(b) There exists a complete Hermitian metric h so that g0, h satisfy the
conditions in Theorem 1.2 with k > 0.
(c) g0 satisfy a Sobolev inequality and the curvature is bounded in some
Lp sense so that the holomorphic sectional curvature is bounded above
by −k for some k > 0. (See more precise statement in Corollary 5.2.)
In case g0 has bounded curvature so that the holomorphic sectional curvature
is bounded above by −k < 0 for some constant k, then the conditions in (c)
will also be satisfied. (a)–(c) are some generalizations to Wu-Yau’s result [30].
Acknowledgement: The second author would like to thank Professor Fangyang
Zheng for answering his question. Part of the works was done when the second
author visited the Yau Mathematical Sciences Center of Tsinghua University
in Beijing, which he would like to thank for the hospitality.
2. Short time existence lemma
As a approximation, it is more convenient to consider the case when g0 is
only Hermitian metric but not necessary Ka¨hler. Let (Mn, g0) be a complete
noncompact Hermitian manifold with complex dimension n. In the following,
connection and curvature will be refered to the Chern connection and curvature
with respect to the Chern connection. When the torsion vanishes, it coincides
with the Levi-Civita connection. For basic facts on Chern connection and
curvature of Hermitian manifolds see [28] for example. In this section, we
want to discuss the existence of the Chern-Ricci flow:
(2.1)
{
∂
∂t
gij¯ = −Rij¯ ;
g(0) = g0.
where Rij¯ = −∂i∂j¯ log det(g(t)) is the Chern-Ricci curvature of g(t). This
equation is equivalent to the following parabolic complex Monge-Ampe`re equa-
tion:
(2.2)
 ∂∂tψ = log
(ω0 − tRic(ω0) +
√−1∂∂¯ψ)n
ωn0
;
ψ(0) = 0.
More precisely, if g(t) is a solution to (2.1), let
(2.3) ψ(x, t) =
∫ t
0
log
(
ωn(x, s)
ωn0 (x)
)
ds
where ω(t) and ω0 are the associated (1,1) forms of g(t), g0 respectively. Then
ψ satisfies (2.2). One can see that ω(t) = ω0−tRic(ω0)+
√−1∂∂¯ψ. Conversely,
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if ψ is a smooth solution to (2.2) so that ω0 − tRic(ω0) +
√−1∂∂¯ψ > 0, then
ω(t) defined by the above relation satisfies (2.1). We will say that ψ is the
solution of (2.2) corresponding to the solution g(t) of (2.1).
In [13], it has been shown that when (M, g0) has bounded curvature of
infinity order, the Monge-Ampe`re equation (2.2) and hence the Chern-Ricci
flow equation (2.1) has a short time solution on M .
Lemma 2.1 (see [2, 13]). Let (Mn, g0) be a complete noncompact Hermitian
metric. Suppose g0 has bounded geometry of infinite order, then (2.1) has a
solution g(t) on M × [0, S] for some S > 0 and there is a constant C > 0 such
that C−1g0 ≤ g(t) ≤ Cg0.
3. A-priori estimate for the Chern Ricci flow
Let (Mn, g) be a Hermitian manifold. Under a local holomorphic coordinate
system (z1, ..., zn), the torsion tensor of g is defined by
Tijl¯ = ∂igjl¯ − ∂jgil¯.
Let T kij = g
kl¯Tijl¯, then T
k
ij = Γ
k
ij − Γkji where Γkij is the Chern connection. T kij
is usually called the torsion. Here we use Γijk to denote the torsion. The
advantage is that it is invariant under the Chern-Ricci flow. The curvature
tensor of the Chern connection has components
Rij¯kl¯ = −
∂2gkl¯
∂zi∂z¯j
+ gqp¯
∂gkp¯
∂zi
∂gql¯
∂z¯j
.
If the torsion tensor T = 0, then g is Ka¨hler. It can be checked easily that
for X, Y ∈ T 1,0M , R(X, X¯, Y, Y¯ ) is real-valued. We introduce the following
curvature condition.
Definition 3.1. We say that (M, g) has holomorphic sectional curvature bounded
above by κ if for any p ∈ M , X ∈ T 1,0p M ,
R(X, X¯,X, X¯) ≤ κ|X|4.
For notational convenience, we denote it to be Hg ≤ κ.
Let g(t) be a solution of the Chern-Ricci flow with initial metric g(0) = g0
and h is another Hermitian metric onM . Now we wish to obtain some a priori
estimates for g(t). First we list some evolution equations which is related to
the Chern-Ricci flow.
Lemma 3.1. The evolution equation of Λ = trgh = g
ij¯hij¯ is given by(
∂
∂t
−∆
)
Λ = (I) + (II) + (III).(3.1)
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where
(I) = −hkl¯gij¯gpq¯ΨkpiΨlqj + 2Re
[
gij¯gkl¯gpq¯hkj¯Ψ
s¯
l¯q¯
(T0)ips¯
]
;
(II) = glk¯gji¯gqp¯hjk¯(T0)¯ip¯r
[
Tˆqls¯h
rs¯ − (T0)lqs¯grs¯
]
+ gij¯gkl¯gpq¯hkj¯
[
∇ˆp(T0)q¯l¯i + ∇ˆl¯(T0)piq¯
]
;
(III) = gij¯gpq¯Rˆpq¯ij¯ .
In particular, (I) ≤ hpr¯hcq¯hka¯gsr¯gcd¯gij¯gpq¯(T0)sia¯(T0)d¯j¯k. Moreover, we have the
following evolution equation of the quantity log trgh.
(
∂
∂t
−∆
)
log Λ = (IV ) + Λ−1
[
(II) + (III)
]
(3.2)
where
(IV ) ≤ Λ−1hpr¯hcq¯hka¯gsr¯gcd¯gij¯gpq¯(T0)sia¯(T0)d¯j¯k
+ 2Λ−2Re
[
hpr¯g
ar¯gil¯gpq¯(T0)ail¯∂q¯Λ
]
.
Here ∆F = gij¯∂i∂j¯F for function F ∈ C2(M). T0 and Tˆ are the torsion of
metric g0 and h respectively.
Proof.
∂ttrgh = g
iq¯gpj¯hij¯Rpq¯.
Denote Ψkij = Γˆ
k
ij − Γkij .
∆trgh = g
ij¯gpq¯∇q¯∇phij¯
= gij¯gpq¯∇q¯
(
Ψkpihkj¯
)
= gij¯gpq¯
[(
Rkpq¯i − Rˆkpq¯i
)
hkj¯ +Ψ
k
piΨ
l¯
q¯j¯hkl¯
]
.
Using the fact that ∂θ0 = ∂θ, we have
Rpq¯il¯ = Ril¯pq¯ −∇pTq¯l¯i −∇l¯Tpiq¯
= Ril¯pq¯ −∇p(T0)q¯l¯i −∇l¯(T0)piq¯.
Hence,
gij¯gpq¯hkj¯R
k
pq¯i = g
ij¯gkl¯gpq¯hkj¯Rpq¯il¯
= gij¯gkl¯gpq¯hkj¯
[
Ril¯pq¯ −∇p(T0)q¯l¯i −∇l¯(T0)piq¯
]
= gij¯gkl¯hkj¯Ril¯ − gij¯gkl¯gpq¯hkj¯
[∇p(T0)q¯l¯i +∇l¯(T0)piq¯] .
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Therefore,(
∂
∂t
−∆
)
trgh
= −hkl¯gij¯gpq¯ΨkpiΨlqj + gij¯gpq¯Rˆpq¯ij¯ + gij¯gkl¯gpq¯hkj¯
[∇p(T0)q¯l¯i +∇l¯(T0)piq¯]
= −hkl¯gij¯gpq¯ΨkpiΨlqj + gij¯gkl¯gpq¯hkj¯
[
Ψrpi(T0)l¯q¯r +Ψ
s¯
l¯q¯(T0)ips¯
]
+ gij¯gkl¯gpq¯hkj¯
[
∇ˆp(T0)q¯l¯i + ∇ˆl¯(T0)piq¯
]
+ gij¯gpq¯Rˆpq¯ij¯
= −hkl¯gij¯gpq¯ΨkpiΨlqj + 2Re
[
gij¯gkl¯gpq¯hkj¯Ψ
s¯
l¯q¯
(T0)ips¯
]
+ glk¯gji¯gqp¯hjk¯(T0)¯ip¯r
[
Tˆqls¯h
rs¯ − (T0)lqs¯grs¯
]
+ gij¯gkl¯gpq¯hkj¯
[
∇ˆp(T0)q¯l¯i + ∇ˆl¯(T0)piq¯
]
+ gij¯gpq¯Rˆpq¯ij¯
= (I) + (II) + (III),
where
(I) = −hkl¯gij¯gpq¯ΨkpiΨlqj + 2Re
[
gij¯gkl¯gpq¯hkj¯Ψ
s¯
l¯q¯
(T0)ips¯
]
;
(II) = glk¯gji¯gqp¯hjk¯(T0)¯ip¯r
[
Tˆqls¯h
rs¯ − (T0)lqs¯grs¯
]
+ gij¯gkl¯gpq¯hkj¯
[
∇ˆp(T0)q¯l¯i + ∇ˆl¯(T0)piq¯
]
;
(III) = gij¯gpq¯Rˆpq¯ij¯ .
Thus, (
∂
∂t
−∆
)
log Λ = Λ−1
(
∂
∂t
−∆
)
Λ + Λ−2gij¯∂iΛ ∂j¯Λ
=
1
Λ
[
(I) +
1
trgh
|∂Λ|2
]
+
1
Λ
[
(II) + (III)
]
.
In the special case that g0 is Ka¨hler, it was shown by Yau [36] that the first
bracket term is nonpositive. In the Hermitian case, we follow a generalization
of this argument in [28]. We consider the following nonegative term.
K = hkl¯g
ij¯gpq¯
(
Ψkpi −
δki
trgh
∂pΛ + C
k
pi
)(
Ψl¯q¯j¯ −
δ l¯
j¯
trgh
∂q¯Λ + C
l¯
q¯j¯
)
= hkl¯g
ij¯gpq¯ΨkpiΨ
l¯
q¯j¯ −
1
trgh
|∂trgh|2 + hkl¯gij¯gpq¯Ckpi
(
Ψl¯q¯j¯ −
δ l¯
j¯
trgh
∂q¯Λ
)
+ hkl¯g
ij¯gpq¯C l¯q¯j¯
(
Ψkpi −
δki
trgh
∂pΛ
)
+ hkl¯g
ij¯gpq¯CkpiC
l¯
q¯j¯ .
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Hence,
(I) +
1
Λ
|∂Λ|2 = −K + 2Re
[
gij¯gkl¯gpq¯hkj¯Ψ
s¯
l¯q¯
(T0)ips¯
]
+ 2Re
[
hkl¯g
ij¯gpq¯CkpiΨ
l¯
q¯j¯
]
+ hkl¯g
ij¯gpq¯CkpiC
l¯
q¯j¯ − 2Λ−1Re
[
hkl¯g
il¯gpq¯Ckpi∂q¯Λ
]
= −K + hkl¯gij¯gpq¯CkpiC l¯q¯j¯ − 2Λ−1Re
[
hkl¯g
il¯gpq¯Ckpi∂q¯Λ
]
+ 2Re
[
Ψl¯q¯j¯g
pq¯gij¯
(
Ckpihkl¯ + g
kr¯hpr¯(T0)kil¯
)]
.
Therefore, if we choose the tensor C to be
Cqpi = −gkr¯hql¯hpr¯(T0)kil¯
then the last term vanished. Hence, we have(
∂
∂t
−∆
)
log Λ = Λ−1
(
∂
∂t
−∆
)
Λ + Λ−2gij¯∂iΛ ∂j¯Λ
= (IV ) + Λ−1(II) + Λ−1(III).
where
(IV ) ≤ Λ−1hpr¯hcq¯hka¯gsr¯gcd¯gij¯gpq¯(T0)sia¯(T0)d¯j¯k
+ 2Λ−2Re
[
hpr¯g
ar¯gil¯gpq¯(T0)ail¯∂q¯Λ
]
.
The inequality on (I) follows the same line as in the inequality of A1 by
considering a simpler quantity
K = hkl¯g
ij¯gpq¯(Ψkpi − Ckpi)(Ψl¯q¯j¯ − C l¯q¯j¯).

We have the following form of Royden’s Lemma [20] which relates the holo-
morphic sectional curvature with a bisectional curvature quantity.
In the following, |∇̂∂¯T̂ |h(x) at a point x is defined as:
(3.3) |∇̂∂¯T̂ |h = max |∇̂i¯T̂jlk¯|
where the maximum is taken over all unitary frames ei of h at x. Define
|∇̂∂¯T0|h similarly.
Lemma 3.2. Let (M,h) be a Hermitian manifold and g is another metric
on M . Suppose that the holomorphic sectional curvature of h at x is bounded
above by κ(x). Suppose κ(x) ≤ κ0. Then we have
gij¯gkl¯Rˆij¯kl¯ ≤
(
n + 1
2n
κ+ |∇̂∂¯T̂ |h
)
(trg h)
2 +
1
2
κ0
[
−1
n
(trg h)
2 + gij¯gkl¯hkjhil¯
]
.
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Proof. Following the proof in [20] without appealing the symmetry of Rˆ, we
can deduce that at x,
gij¯gkl¯Rˆij¯kl¯ + g
ij¯gkl¯Rˆil¯kj¯ ≤ κ(trgh)2 + κgij¯gkl¯hkj¯hil¯.
By the ”Ka¨hler ” identity for the Chern curvature, e.g. see [28]. We have
gij¯gkl¯Rˆij¯kl¯ = g
ij¯gkl¯(Rˆil¯kj¯ + ∇ˆiTˆj¯ l¯k)
=
1
2
gij¯gkl¯(Rˆil¯kj¯ + Rˆij¯kl¯ + ∇ˆiTˆj¯ l¯k)
≤ κ
2
(trgh)
2 + gij¯gkl¯
(κ
2
hkj¯hil¯ + ∇ˆiTˆj¯ l¯k
)
≤ 1
2
(κ(x)− κ0)
[
(trg h)
2 + gij¯gkl¯hkjhil¯
]
+ (trg h)
2|∇̂∂¯T̂ |h
+
1
2
κ0
[
(trg h)
2 + gij¯gkl¯hkjhil¯
]
≤ 1
2
(κ(x)− κ0)(1 + 1
n
)(trg h)
2 + (trg h)
2|∇̂∂¯T̂ |h
+
1
2
κ0
[
(trg h)
2 + gij¯gkl¯hkjhil¯
]
=
(
n + 1
2n
κ+ |∇̂∂¯T̂ |h
)
(trg h)
2 +
1
2
κ0
[
−1
n
(trg h)
2 + gij¯gkl¯hkjhil¯
]
(3.4)

Corollary 3.1. With the same assumptions and notation as in Lemma 3.1.
Suppose the holomorphic sectional curvature of h is bounded above by κ(x) at
x and suppose n+1
2n
κ(x) + |∇̂∂¯T̂ |(x) ≤ κ0 for some κ0 ≥ 0 for all x. Then(
∂
∂t
−∆
)
Λ ≤ c(n)
(
Λ4|T0|2h + Λ3(|T0|h|T̂ |h + |∇̂∂¯T0|h) + Λ2κ0
)
for some constant c(n) > 0 depending only on n.
To get a C0 estimate, it is useful to consider the Chern scalar curvature of
g(t) which gives us information on the derivatives of the volume form.
Lemma 3.3. Under the evolution of metrics
∂tg = −Ric
the Chern scalar curvature R satisfies(
∂
∂t
−∆
)
R = |Ric|2 ≥ 1
n
R2.
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Proof.
∂tR = ∂t(g
ij¯Rij¯)
= Rij¯Rij¯ − gij¯∂i∂j¯(∂t log det g)
= |Ric|2 +∆R.
The inequality can be observed by taking a coordinate at p such that gij¯ = δij
and Rij¯ = λiδij . Then it follows immediately by Cauchy inequality. 
We have the following maximum principle.
Lemma 3.4. Let (Mn, h) be a complete noncompact Hermitian manifold sat-
isfying condition: (a1)There exists a smooth positive real exhaustion function
ρ such that |∂ρ|2h + |
√−1∂∂¯ρ|h ≤ C1. Suppose g0 is another Hermitian metric
uniformly equivalent to h and g(t) is a solution to the Chern-Ricci flow with
initial metric g(0) = g0 on M × [0, S). Assume for any 0 < S1 < S, there is
C2 > 0 such that
C−12 h ≤ g(t)
for 0 ≤ t ≤ S1. Let f be a smooth function on M × [0, S) which is bounded
from above such that (
∂
∂t
−∆
)
f ≤ 0
on {f > 0}. Suppose f ≤ 0 at t = 0, then f ≤ 0 on M × [0, S).
Proof. For any ǫ > 0, if supM×[0,T ](f − ǫρ−2ǫC1C2t) > 0, then there is (x0, t0)
with t0 > 0 such that f−ǫρ−2ǫC1C2t ≤ 0 onM×[0, t0] and f−ǫρ−2ǫC1C2t = 0
at (x0, t0). In particular, f(x0, t0) > 0. Hence at (x0, t0), we have
0 ≤
(
∂
∂t
−∆
)
(f − ǫρ− 2ǫC1C2t) < 0,
which is impossible. Since ǫ is arbitrary, this completes the proof. 
Next we give a local estimate on the Chern scalar curvature’s lower bound.
Lemma 3.5. Suppose h is a fixed hermitian metric satisfying (a1) and g(t)
is a solution to the Chern Ricci flow on M × [0, S] with g(t) ≥ α−1h for some
α > 1. Then for any 0 < r1 < r2, there exists Cn > 0 such that for any x ∈M
with ρ(x) < r1 and t ∈ [0, S], we have
R(x, t) ≥ −max
{
Cnα[(r2 − r1)−2 + 1], sup
ρ(y)<r2
R−(y, 0)
}
.
Proof. Let φ be a cutoff function on R such that φ ≡ 1 on (−∞, 1], vanishes
outside (−∞, 2] and satisfies φ−1|φ′|2 ≤ 100 and φ′′ ≥ −100φ. Define
Φ(x, t) = φ
(
ρ(x) + r2 − 2r2
r2 − r1
)
.
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When the function ΦR achieves its local minimum at (x0, t0) in which we may
assume R(x0, t0) < 0 and t0 > 0, it satisfies the following.
0 ≥
(
∂
∂t
−∆
)
(ΦR)
= Φ
(
∂
∂t
−∆
)
R −R∆Φ− 2Re
(
gij¯∂iΦ ∂j¯R
)
≥ 1
n
ΦR2 −R
[
φ′′
(r2 − r1)2 |∂ρ|
2 +
φ′
r2 − r1∆ρ− 2
(φ′)2
(r2 − r1)2φ |∂ρ|
2
]
≥ 1
n
ΦR2 + CnΛR[(r2 − r1)−2 + 1].
Hence, at its minimum point (x0, t0),
ΦR ≥ −CnΛ[(r2 − r1)−2 + 1].
The conclusion follows by the minimum principle. 
4. Existence of the Chern-Ricci flow
In this section, we will discuss the existence of the Chern-Ricci flow starting
from a Hermitian metric with holomorphic sectional curvature bounded from
above. We will give a estimate on the existence time. More generally, we will
consider initial metric which is uniformly equivalent to a Hermitian metric
with holomorphic sectional curvature bounded from above.
Recall the following definition of bounded geometry:
Definition 4.1. Let (Mn, g) be a complete Hermitian manifold. Let k ≥ 1
be an integer and 0 < α < 1. g is said to have bounded geometry of order
k + α if there are positive numbers r, κ1, κ2 such that at every p ∈ M there is
a neighborhood Up of p, and local biholomorphism ξp from D(r) onto Up with
ξp(0) = p satisfying the following properties:
(i) the pull back metric ξ∗p(g) satisfies:
κ1ge ≤ ξ∗p(g) ≤ κ2ge
where ge is the standard metric on C
n;
(ii) the components gij¯ of ξ
∗
p(g) in the natural coordinate of D(r) ⊂ Cn are
uniformly bounded in the standard Ck+α norm in D(r) independent of
p.
(M, g) is said to have bounded geometry of infinity order if instead of (ii) we
have for any k, the k-th derivatives of gij¯ in D(r) are bounded by a constant
independent of p. g is said to have bounded curvature of infinite order on a
compact set Ω if (i) and (ii) are true for all k for all p ∈ Ω.
Lemma 4.1. Let (Mn, g0) be a Hermitian metric with bounded geometry of
infinite order. Suppose g0 is uniformly equivalent to a Hermitian metric h with
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holomorphic sectional curvature and torsion satisfying: Hh(x) bounded above
by κ(x) and n+1
2n
κ(x) + |∇̂∂¯T̂ |h(x) ≤ κ0 for some κ0 ≥ 0 for all x, so that
α−1h ≤ g0 ≤ αh,
Then the Chern-Ricci flow has a solution g(t) with g(0) = g0 on M × [0, S]
with the following properties:
(i) There is a constant c = c(n) > 0 so that
S ≥ 1
3c(nα + 1)3s
=: S1
where
s = sup
M
(
|T0|2h + |T0|h|T̂ |h + |∇̂∂¯T0|h + κ0
)
where T0 is the torsion of g0, T̂ is the torsion of h and ∇̂ is the deriv-
ative of h with respect to the Chern connection; and
(ii) g(t) is uniformly equivalent to h with
trg h ≤
(
1
(nα + 1)−3 − 3c2st
) 1
3
on M × [0, S1].
Proof. By [13, Theorem 4.2], there is a maximal S > 0 such that the Chern-
Ricci flow has a solution g(t) with g(0) = g0 on M × [0, S) so that g(t) is
uniformly equivalent to g0 on [0, S
′] for all S ′ < S. Let Λ = trg(t) h. By
Corollary 3.1,(
∂
∂t
−∆
)
Λ ≤c1
(
Λ4|T0|2h + Λ3(|T0|h|T̂ |h + |T̂0|) + κ0)
)
≤c1 (Λ + 1)4 s
Here and below ci will denote a positive constants depending only on n. Let
v(t) =
(
1
(nα + 1)−3 − 3c2st
) 1
3
Then v(t) is defined on [0, S1) with S1 = 1/ [3c2(nα + 1)
3s], with
dv
dt
= c2sv
4
and v(0) ≥ (Λ+ 1)|t=0. Suppose S < S1. Since Λ and v are bounded on [0, S ′]
for all 0 < S ′ < S, by Lemma 3.4 as in the proof of [13, Theorem 4.2], one can
conclude that
Λ ≤ v(t)− 1
on M × [0, S). In particular,
(4.1) h ≤ c3(v(t)− 1)g(t)
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If S < S1, then v(t) ≤ C1 < ∞ on [0, S] for some C1. Hence Λ ≤ C1 on
M × [0, S).
On the other hand, since g0 has bounded geometry of infinite order, by
Lemma 3.5, we conclude that R(x, t) ≥ −C2 on M × [0, S) for some C2. Since
∂
∂t
(
log
det(g(t)
det(h)
)
= −R ≤ C2,
we conclude that det(g(t)) ≤ C3 det(h). Together with (4.1), we conclude that
C−13 g0 ≤ g(t) ≤ C3g0
onM× [0, S) for some C3 > 0. Here we have used the fact that g0 is uniformly
equivalent to h. Using the fact that g0 has bounded geometry of infinite order
and by the local estimates of [22], g(t) can be extended to be a solution of
the Chern-Ricci flow which is uniformly equivalent to g0 beyond S. Hence we
have S ≥ S1. This proves (i).
(ii) Follows from (4.1).

Let (Mn, h) be a complete noncompact Hermitian manifold and let g0 be
another Hermitian metric satisfying the following:
(a) There exists smooth exhaustion ρ ≥ 1, and constant β > 0 such that
|∂ρ|h + |
√−1∂∂¯ρ|h ≤ βρ
if ρ is large enough.
(b) The holomorphic sectional curvature at x is bounded from above by
κ(x), and the torsion of h is such that
n+ 1
2n
κ+ |∇̂∂¯T̂ |h ≤ κ0
for some κ0 ≥ 0.
Theorem 4.1. Let (Mn, h) be a complete Hermitian metrics as above. Sup-
pose g0 is another Hermitian metric satisfying:
(i) α−1g0 ≤ h ≤ αg0 and |T̂ |h ≤ α for some α > 0;
(ii) There is β > 0, |T0|2h + |T̂ |h|T0|h + |∇̂∂¯(T0)|h ≤ β; and
(iii) |∇̂g0|h ≤ βρ for ρ large enough.
There exist constants c1 depending only on n and c2 depending only on n, α
such that there is a solution g(t) for the Chern-Ricci flow on M × [0, S) with
g(0) = g0, where
S =
1
2c1(nα + 1)3s
and s = κ0 + c2β(1 + β). Moreover,
trg h ≤ v(t)− 1
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where
v(t) =
(
1
(nα + 1)−3 − 3c1st
) 1
3
.
on M × [0, S).
We want to apply Lemma 4.1. However, in general it is not true that g0 has
bounded geometry of all order, we cannot apply Lemma 2.1 directly to obtain
a solution of the Chern-Ricci flow. We now proceed as in [13, 12] to construct
a Hermitian approximation.
Let τ ∈ (0, 1
8
), f : [0, 1)→ [0,∞) be the function:
(4.2) f(s) =

0, s ∈ [0, 1− τ ];
−log
[
1−
(
s− 1 + τ
τ
)2]
, s ∈ (1− τ, 1).
Let ϕ ≥ 0 be a smooth function on R such that ϕ(s) = 0 if s ≤ 1 − τ + τ 2,
ϕ(s) = 1 for s ≥ 1− τ + 2τ 2
(4.3) ϕ(s) =
{
0, s ∈ [0, 1− τ + τ 2];
1, s ∈ (1− τ + 2τ 2, 1).
such that
2
τ 2
≥ ϕ′ ≥ 0. Define
F(s) :=
∫ s
0
ϕ(τ)f ′(τ)dτ.
From [12], we have:
Lemma 4.2. Suppose 0 < τ < 1
8
. Then the function F ≥ 0 defined above is
smooth and satisfies the following:
(i) F(s) = 0 for 0 ≤ s ≤ 1− τ + τ 2.
(ii) F′ ≥ 0 and for any k ≥ 1, exp(−kF)F(k) is uniformly bounded.
(iii) For any 1− 2τ < s < 1, there is τ > 0 with 0 < s− τ < s+ τ < 1 such
that
1 ≤ exp(F(s+ τ)− F(s− τ)) ≤ (1 + c2τ); τ exp(F(s0 − τ)) ≥ c3τ 2
for some absolute constants c2 > 0, c3 > 0.
For any ρ0 > 0, let Uρ0 be the component of {x| ρ(x) < ρ0} which contains a
fixed point and ρ is the positive exhaustion function mentioned above. Hence
Uρ0 will exhaust M as ρ0 →∞.
Let ρi > 1 be a sequence increasing to +∞, let F (i)(x) = F(ρ(x)/ρi). Let
g0,i = e
2F (i)g0. In the following, F
(i) will be denoted simply by F if there is no
confusion arisen.
Then (Uρi , gi) is a complete Hermitian metric, (e.g. see [6]) and gi,0 = g0 on
{ρ(x) < (1−κ+κ2)ρ0}. Moreover, the new manifold has a very nice structure.
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Lemma 4.3 ([13]). For each ρi > 1 sufficiently large, (Uρi , g0,i) has bounded
geometry of infinite order.
In the following, we will estimate the torsion and the holomorphic sectional
curvature after performing conformal change.
Lemma 4.4. Let g0 and h be as in Theorem 4.1. For i → ∞, let g0,i be as
in Lemma 4.3 and hi = e
2Fh for the corresponding F . Let T0,i be the torsion
of g0,i Then there is a constant c(n, α) depending only on n and α so that as
i→∞, there
(i) |T0,i|2hi ≤ cβ, where
(ii) |T0,i|hi|Tˆ (i)|hi ≤ cβ;
(iii) |∇̂(i)
∂¯
T0,i|hi ≤ cβ(1 + β), where ∇̂(i) is derivative with respect to the
Chern connection of hi;
(iv)
n + 1
2n
κi(x) + |∇̂(i)∂¯ Ti|hi(x) ≤ κ0 + cβ(1 + β)
where κi(x) is the upper bound of holomorphic sectional curvature of
hi at x and Ti is the torsion of hi.
Proof. In the following, ci will denote a positive constant depending only on
n, α. Note that we still have α−1g0,i ≤ hi ≤ αg0,i;. For notational convenience,
we will denote g = g0,i, g˜ = g0, hˆ = hi in the proof.
(i)
(T0,i)pkq¯ = ∂p(e
2F gkq¯)− ∂k(e2F gpq¯)
= 2e2F (Fpgkq¯ − Fkgpq¯) + e2F (Tg)pkq¯
= 2(Fpg˜kq¯ − Fkg˜pq¯) + e2F (Tg)pkq¯
= 2ρ−10 F
′ (ρpg˜kq¯ − ρkg˜pq¯) + e2F (Tg)pkq¯.
(4.4)
Hence
|T0,i|2hi ≤ c1β.
This proves (i). The proof of (ii) is similar.
(iii)
∇̂(i)
l¯
(T0,i)pkq¯ = ∇̂(i)l¯
(
2(Fpgkq¯ − Fkgpq¯) + e2F (Tg˜)pkq¯
)
= 2(Fpl¯gkq¯ − Fkl¯gpq¯) + 2
(
Fp∇̂(i)l¯ gkq¯ − Fk∇̂
(i)
l¯
gpq¯
)
+ 2e2FFl¯(Tg˜)pkq¯ + e
2F ∇̂(i)
l¯
(Tg˜)pkq¯
= 2ρ−10 F
′(ρpl¯gkq¯ − ρkl¯gpq¯) + 2ρ−20 F′′(ρpρl¯gkq¯ − ρkρl¯gpq¯)
+ 2F′ρ−10
(
ρp∇̂(i)l¯ gkq¯ − ρk∇̂
(i)
l¯
gpq¯
)
+ 2e2Fρ−10 F
′ρl¯(Tg˜)pkq¯ + e
2F ∇̂l¯(Tg˜)pkq¯
(4.5)
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Using the fact that
(Γ̂(i) − Γ̂)lpq = 2Fpδlq = 2ρ−10 F′ρpδlq
and hence
∇̂(i)
l¯
gkq¯ = −2Fl¯gkq¯ + (∇̂(i)l¯ − ∇̂l¯)gkq¯ + e2F ∇̂l¯g˜kq¯
= −2ρ−10 F′ρl¯gkq¯ + 2ρ−10 F′ρl¯gkq¯ + e2F ∇̂l¯g˜kq¯
(4.6)
We may further infer that (iii) is true.
Now we examine the holomorphic sectional curvature after conformal change.
Let e1 ∈ T 1,0UR be such that |e1|hi = 1, |e1|h = e−F . Let κ(x) be the upper
bound of the holomorphic sectional curvature of h at x
Rˆ11¯11¯ = −∂1∂1¯(e2Fh11¯) + e−2Fhpl¯∂1(e2Fh1l¯) · ∂1¯(e2Fhp1¯)
= −∂1(e2F∂1¯h11¯ + 2e2Fh11¯F1¯)
+ e−2Fhpl¯
(
e2F∂1h1l¯ + 2hˆ1l¯F1
)(
e2F∂1¯hp1¯ + 2hˆp1¯F1¯
)
= e2F R˜11¯11¯ − 2hˆ11¯F11¯
≤ e−2Fκ− 2F11¯
≤ e−2Fκ+ c3(β + β2).
(4.7)
Estimate |∇̂(i)
∂¯
Ti|hi in a similar way as above, we may conclude that
n+ 1
2n
κi(x) + |∇̂(i)∂¯ Ti|hi ≤ e−2Fκ0 + c3β(1 + β).
From this (iv) is true.

Now we are able to construct a solution of the Chern Ricci flow on M .
Proof of Theorem 4.1. For each sufficiently large ρi, (Uρi , g0,i) has bounded
geometry by Lemma 4.3. By Lemma 4.4, using the notation in the lemma, we
have for any ǫ > 0:
n+ 1
2n
κi(x) + |∇¯∂¯Ti|hi ≤ κ0 + c(β + (1 + ǫ−1)β2) + ǫγ =: κ0,i.
si = sup
M
(
|T0,i|2hi + |T0,i|hi|T̂i|hi + |∇̂(i)∂¯ T0,i|hi + κ0,i
)
Then
si ≤ κ0 + c1β(1 + β) =: s.
By Lemma 4.1, there is a solution gi(t) on Uρi × [0, S) with initial metric g0,i
where
S =
1
3c1(nα + 1)3s
for some constant c1 = c1(n). Moreover, gi is uniformly equivalent to g0,i and
(4.8) trgi hi ≤ v(t)− 1
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on Uρi × [0, S) where
v(t) =
(
1
(nα + 1)−3 − 3c1st
) 1
3
.
Fix any compact subset K ⊂ M . Then for sufficiently large i, gi(t) is a
solution of the Chern Ricci flow defined on Uρi ⊃ U2r ⊃ Ur ⊃ K for some large
r > 0. By Lemma 3.5, for any (x, t) ∈ K × [0, S],
Rgi(t) ≥ −max
{
Cnβ
−1[(ri − r)−2 + 1], sup
ρ(y)<2r
R−(y, 0)
}
where we have used the fact that gi(0) = g0 on Ur for sufficiently large ρi. In
particular, it is bounded from below uniformly. Since
∂
∂t
(
log
det gi(t)
det h
)
= −Rgi(t) ≤ C(n,K, α).
Therefore, on K × [0, S],
αh ≤ g(t) ≤ eCtβ−nh.
By the local estimate of the Chern Ricci flow [22], for any k ∈ N, there is
C(n, k, g0, h, β) such that for any (x, t) ∈ K × [0, S],
|∇ˆkgi(t)|h ≤ C(n, k, g0, h, β).
By taking diagonal subsequence and using Arzela`-Ascoli theorem, we may
obtain a limiting solution of g(t) defined on M × [0, S). The conclusion on
trg h follows from (4.8). This completes the proof of the theorem. 
Next we want to apply Theorem 4.1 to obtain longtime solution for Ka¨hler-
Ricci flow.
Theorem 4.2. Let (M, g0) be a complete Ka¨hler manifold and h is a fixed
complete Hermitian metric on M such that the following holds.
(i) There exists smooth exhaustion ρ ≥ 1 such that
lim sup
ρ→∞
( |∂ρ|h
ρ
+
|√−1∂∂¯ρ|h
ρ
)
= 0;
(ii) and the holomorphic sectional curvature of h and torsion of h satisfy
Hh +
2n
n+ 1
|∇̂∂¯T̂ |h ≤ 0.
(iii) ∃α > 1 such that on M , α−1g0 ≤ h ≤ αg0, |T̂ |h ≤ α;
(iv) lim supρ→∞ ρ
−1|∇̂g0|h = 0;
Then there is β(n, α) > 0 such that the Ka¨hler Ricci flow has a complete
solution g(t) on M × [0,+∞) with g(0) = g0 and satisfies
βh ≤ g(t)
on M × [0,+∞).
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Proof. By Theorem 4.1 and the assumptions, one can apply the theorem with
β arbitrarily small. Hence one can find solution gi(t) to the Chern-Ricci flow
with with gi(0) = g0 on M × [0, Ti] with Ti → ∞. Moreover, trg h ≤ c(n, α).
Using the local estimate of scalar curvature in Lemma 3.5 as in the proof of
Theorem 4.1, the results follow. 
5. Existence of the Ka¨hler Einstein metric
In this section, we discuss the existence the Ka¨hler Einstein metric on M
via the Ka¨hler-Ricci flow. We have the following:
Theorem 5.1. Suppose there is a complete Hermitian metric h on M com-
patible with the complex structure J such that
Hh +
2n
n + 1
|∇̂∂¯T̂ |h ≤ −k(5.1)
for some k > 0. Then any longtime solution of normalized Ka¨hler-Ricci
flow g(t) will converge uniformly in C∞ to a Ka¨hler Einstein metric g∞ =
−Ric(g∞). In particular, there is no Ricci flat Ka¨hler metric on M compatible
with the same complex structure J .
Combining with Theorem 4.2, we have the following results which are some
generalization of the result by Wu-Yau [30]:
Corollary 5.1. Let (Mn, g0) be a complete noncompact Ka¨hler manifold with
holomorphic sectional curvature bounded above by a negative constant. Suppose
M supports an exhaustion function with uniformly bounded gradient and uni-
formly bounded Hessian, which is the case if M has bounded curvature. Then
Mn support a unique Ka¨hler Einstein metric with negative scalar curvature.
Corollary 5.2. Let (Mn, g0) be a complete noncompact Ka¨hler manifold with
complex dimension n. Suppose there is K1, r, A0, r > 0, p > n such that for all
x ∈M , f ∈ C∞0 (Bg0(x, 4r)),
(5.2)

Hg0 ≤ κ0 < 0;∫−
Bg0 (x,r)
|Rm(g0)|p dµg0 ≤ K1;∫−
Bg0 (x,4r)
|f | 2nn−1 dµg0 ≤ A0r2
∫−Bg0 (x,4r) |∇f |2 dµg0.
Then M supports a unique Ka¨hler Einstein metric with negative scalar curva-
ture.
Proof. By [33], there is a complete short time solution g(t) to the Ricci flow
with g(t) = g0 such that |Rm(g(t))| ≤ Ct−a for some 0 < a < 1. By [11], g(t)
is Ka¨hler for t > 0. On the other hand for fixed g(t), there is an exhaustion
function ρ with uniformly bounded gradient and uniformly bounded Hessian.
Since g(t) is uniformly equivalent to g0, ρ is also an exhaustion function ρ with
uniformly bounded gradient and uniformly bounded Hessian with respect to
g0. By Corollary 5.1, the result follows. 
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We also want to discuss metrics which are uniformly equivalent to g0 as
in the previous corollaries. The following is an immediate consequence of
Theorem 4.2 and Theorem 5.1.
Corollary 5.3. Let (Mn, h) be a complete noncompact Hermitian manifold
with bounded torsion and satisfies the conditions in Corollary 5.1: The holo-
morphic sectional curvature of h is bounded above by a negative constant, and
(M,h) support an exhaustion function with uniformly bounded gradient and
uniformly bounded Hessian. Let g0 be a Ka¨hler metric which is uniformly
equivalent to h so that |∇̂g0|h is bounded, where ∇̂ is the derivative with re-
spect to the Chern connection of h. ThenM supports a unique Ka¨hler-Einstein
metric with negative scalar curvature.
Let us prove Theorem 5.1. Here we do not have a good exhaustion function
for h. However, the distance function d(x, t) in a Ricci flow behaves well.
Using the idea in the work of Chen [3], we have the following:
Lemma 5.1. Let (Mm, g(t)) be a complete noncompact solution to the Ricci
flow on M × [0, T ] with 0 < T <∞, where m ≥ 2 is the real dimension of M .
Let Q be a smooth function so that(
∂
∂t
−∆
)
Q ≤ −αQ2 + β
for some α, β > 0 at the point where Q > 0. Then
tQ(x, t) ≤ 1 +
√
1 + 4αβT 2
2α
.
on M × (0, T ].
Proof. Let x0 ∈M , and let r0 > 0 be small enough so that:
Ric(x, t) ≤ (m− 1)r−20
for x ∈ Bt(x0, r0), t ∈ [0, T ]. By [19] (see also [3]), we then have(
∂
∂t
−∆
)
dt(x, x0) ≥ −5(m− 1)
3
r−10(5.3)
whenever dt(x, x0) ≥ r0 in the sense of barrier, where dt(x, x0) is the distance
function from x0 with respect to g(t). In the followig, argue as in [11], we may
assume that dt(x, x0) to be smooth when applying maximum principle. We
consider the function
u(x, t) = tϕ
(
1
Ar0
[
dt(x, x0) +
5(m− 1)t
3r0
])
Q(x, t)
A is sufficiently large so that Ar0 >>
5(m−1)T
3r0
, and ϕ is a fixed smooth non-
negative non-increasing function such that ϕ ≡ 1 on (−∞, 1
2
], vanishes outside
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[0, 1] and satisfies |2 (ϕ′)2
ϕ
|+ |ϕ′′| ≤ c1 for some absolute constant. Note that u
also depends on A. However,
u(x0, t) = tQ(x0, t).
if Ar0 ≥ 10(m−1)T3r0 .
If u ≤ 0, then we are done. Suppose the function u > 0 somewhere, then
there exists (x1, t1) with 0 < t1 ≤ T so that u attains its maximum at (x1, t1).
We have at (x1, t1) we have
0 ≤
(
∂
∂t
−∆
)
u; ∇Q = −∇φ
φ
Q.
Suppose dt1(x1, x0) < r0, then u(x, t) = tQ(x, t) near x1, t1 provided Ar0 is
large enough. Then we have at (x1, t1)
0 ≤
(
∂
∂t
−∆
)
u
=t1
(
∂
∂t
−∆
)
Q+Q
≤− αt1Q2 + βt1 +Q
and so
0 ≤ −αu2 + u+ βT 2
which implies
(5.4) u(x0, t) ≤ u(x1, t1) ≤ 1 +
√
1 + 4αβT 2
2α
.
for t ∈ [0, T ].
Suppose dt1(x1, x0) ≥ r0, then at (x1, t1),
0 ≤
(
∂
∂t
−∆
)
u
= Qt
(
∂
∂t
−∆
)
ϕ + ϕ
(
∂
∂t
−∆
)
(Qt)− 2t〈∇ϕ,∇Q〉
≤ Qtϕ′ 1
Ar0
[(
∂
∂t
−∆
)
dt(x, p) +
5
3
(m− 1)r−10
]
+ |ϕ′′| 1
(Ar0)2
tQ + ϕ
(−αtQ2 + βt+Q)+ 2tQ 1
(Ar0)2
· (φ
′)2
φ
≤ −αtϕQ2 + ϕQ+ βtϕ+ c1Qt 1
(Ar0)2
.
Multiply both the inequality by tφ = t1φ, we have
0 ≤ −αu2 +
(
1 +
c1T
Ar20
)
u+ βT 2.
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Hence we have
(5.5) u(x0, t) ≤ u(x1, t1) ≤
1 + c2T
Ar20
+
√(
1 + c1T
Ar20
)2
+ 4αβT 2
2α
.
for 0 < t ≤ T . Let A → ∞ together with (5.5) and the fact that x0 is any
point in M , we conclude the lemma is true. 
As an application of the lemma, we prove that complete noncompact Ka¨hler
Einstein metrics with negative scalar curvature is unique up to scaling. Here
we do not assume the curvature is bounded, see also [30]. Namely, we have the
following: Moreover, the Ka¨hler Einstein metric with negative scalar curvature
must be unique up to scaling.
Theorem 5.2. Suppose ω1 and ω2 are complete noncompact Ka¨hler Einstein
metrics on M with Ric(ωi) = −ωi for i = 1, 2. Then ω1 = ω2 on M .
Proof. Let Let ω˜1(t) = (t + 1)ω1 and ω˜2(t) = (t + 1)ω2. Then both ω˜1, ω˜2 are
solutions to the Ka¨hler-Ricci flow on M × [0,+∞). Define F (x, t) = F (x) to
be the function
F (x, t) = log
[
ω˜n2
ω˜n1
] 1
n
= log
[
ωn2
ωn1
] 1
n
which is independent of t. The function F is independent of t > 0 but we
treat it as a function over the Ka¨hler-Ricci flow. Let ∆ be the Laplacian of
ω˜1. Then on M × (0,∞), On [0, 1], it satisfies(
∂
∂t
−∆
)
F =
1
t+ 1
(
1− 1
n
trω1 ω2
)
≤ 1
t + 1
(
1− eF )
≤ −1
4
F 2
whenever F > 0 on M × [0, 1].
Apply Lemma 5.1 on M × [0, 1], tF ≤ 8. In particular, F (x) is bounded
from above uniformly on M . By interchanging ω1 and ω2, we conclude that F
is a bounded function on M . Let ∆1 be the Laplacian of ω1, we have as above
−∆1F ≤ 1− eF .
By the generalized maximum principle [4], we conclude that F ≤ 0. Inter-
changing the roles of ω1 and ω2, we can prove similarly that F ≥ 0. Hence
F = 0. So ∂∂¯F = 0 and ω1 = ω2 because they are Ka¨hler-Einstein.

Now we are ready to prove Theorem 5.1.
Longtime existence of Ka¨hler-Ricci flow and holomorphic sectional curvature 21
Proof of Theorem 5.1. Let g(t) and h as in the Theorem. Let Λ = trg h. By
Corollary 3.1, we have (
∂
∂t
−∆
)
Λ ≤ −c1kΛ2,
for some c1 depending only on n. By Lemma 5.1 with β = 0, we conclude that
(5.6) Λ(x, t) ≤ 1
2c1kt
on M × (0,∞).
On the other hand, let R(x, t) be the scalar curvature of g(t) at x and let
R−(x, t) be its negative part. For any ǫ > 0, let f =
1
2
(
(R2 + ǫ2)
1
2 −R
)
. Note
that if ǫ→ 0, then f → R−. Using the fact that(
∂
∂t
−∆
)
R ≥ 1
n
R2,
direct computations show that(
∂
∂t
−∆
)
f ≤ −1
n
f(f − 2c1ǫ) ≤ 1
n
(f − c1ǫ)2 + c2ǫ
for some absolute constant c1 > 0 and c2 > 0 depending only on n. By Lemma
5.1, we conclude that
t(f − c1ǫ) ≤ n
2
(
1 +
√
1 +
4c2ǫ
n
)
.
on M × (0,∞). Let ǫ→ 0, we conclude that
(5.7) tR(x, t) ≥ −n.
Since
∂
∂t
log
(
det g(t)
det h
)
= −R ≤ n
t
we conclude for any bounded open set Ω, there is a constant C1 depending
only on Ω, g(1), h, k, n. such that
det g(t)
det h
≤ C1tn
on Ω× [1,∞). Combining this with (5.6), we conclude that
C−12 th ≤ g ≤ C2th
on Ω× [1,∞) for some constant C2 > 0 depending only on Ω, g(1), h, k, n.
Consider the normalized metric
g˜(x, s) = e−sg(x, es).
Then we have
(5.8)
∂
∂s
g˜ = −Ric(g˜)− g˜
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on M × [0,∞), and
(5.9) C−12 h ≤ g˜(s) ≤ C2h
on Ω× [0,∞).
In the following, let ω(t), ω˜(s) be the Ka¨hler forms of g(t), g˜(s) respectively.
By [25, Theorem 2.17], we conclude that for any bounded open set in M and
ℓ ≥ 0, there is a constant C3 depending only on Ω, g(1), h, k, n. and ℓ such
that
(5.10) ||ω˜(s)||Cℓ(Ω,g˜0) ≤ C3.
On the other hand, let
φ˜(x, s) = e−s
∫ s
0
eτ log
(
(ω˜(τ))n
(ω˜(0))n
)
dτ.
Then
(5.11) ω˜(s) = e−sω˜(0)− (1− e−s)Ric(ω˜(0)) +√−1∂∂¯φ˜(s).
Moreover,
(5.12)
{
∂
∂s
φ˜ = log
(
ω˜n
(ω˜(0))n
)
− φ˜ in M × [0,∞);
φ˜(0) = 0 on M .
Denote ∂sφ˜ by φ˜
′ etc., and let R˜ be the scalar curvature of g˜, then
φ˜′′ + φ˜′ =− R˜− n
=− esR(g(es))− n
=− es (R(g(es)) + e−sn)
≤0
(5.13)
by (5.7). Hence φ˜′ + φ˜ is non-increasing and φ˜′ + φ˜ ≤ 0 because φ˜′ + φ˜ = 0
at s = 0. On the other hand, by (5.10) and (5.12), we conclude that for any
bounded open set Ω, there exists si →∞ such that
(φ˜′ + φ˜)(si)
converge uniformly in C∞ norm in Ω. By the monotonicity of φ˜′ + φ˜, we
conclude that φ˜′ + φ˜ converges in C∞ norm in Ω to some function.
By (5.13), we have
(esφ˜)′ ≤ 0,
and so φ˜′ ≤ 0 because φ′ = 0 at s = 0. Combine this with (5.10) and (5.11),
we conclude that φ˜ also converge in C∞ norm to some function φ˜∞. Hence φ˜
′
also converge in C∞ norm to some function. However, by (5.9) we conclude
that φ is bounded from below. This implies that φ˜′ → 0 as s→∞. Moreover,
ω˜(s)→ ω˜∞ in C∞ norm in Ω as s→∞ with
ω˜∞ = −Ric(ω˜(0)) +
√−1∂∂¯φ˜∞.
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Note that ω˜∞ is a Ka¨hler form of a Ka¨hler metric by (5.9). Moreover,
φ˜∞ = log
(
ω˜n
(ω˜(0))n
)
.
Taking ∂∂¯ to both sides, we conclude that
Ric(ω˜∞) = −ω˜∞.
Suppose ω¯ is a Ricci flat metric compatible with the same complex structure
of h. Then ω(t) = ω¯ is a steady solution of the Ka¨hler-Ricci flow. By the
convergence of normalized Ka¨hler-Ricci flow, t−1ω(t) converges to a Ka¨hler
Einstein metric on M which is impossible since t−1ω(t) ≡ t−1ω¯ converges to a
zero tensor on M . This completes the proof. 
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